ON THE NULL-CONTROLLABILITY OF THE HEAT EQUATION 
IN UNBOUNDED DOMAINS 
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Abstract. We make two remarks about the null-controllability of the heat 
equation with Dirichlet condition in unbounded domains. Firstly, we give a 
geometric necessary condition (for interior null-controllability in the Euclidean 
setting) which implies that one can not go infinitely far away from the control 
region without tending to the boundary (if any), but also applies when the 
distance to the control region is bounded. The proof builds on heat kernel 
estimates. Secondly, we describe a class of null-controllable heat equations on 
unbounded product domains. Elementary examples include an infinite strip in 
the plane controlled from one boundary and an infinite rod controlled from an 
internal infinite rod. The proof combines earlier results on compact manifolds 
with a new lemma saying that the null-controllability of an abstract control 
system and its null-controllability cost are not changed by taking its tensor 
product with a system generated by a non-positive self-adjoint operator. 
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1. Introduction. 



1.1. The problem. Let M be a smooth connected complete n-dimensional Ric- 
mannian manifold with boundary dM. When dM ^ 0, M denotes the interior and 
M = M U dM. Let A denote the (negative) Laplacian on M. 

Consider a positive control time T and a non-empty open control region T of 
dM. Let l]o.T[xr denote the characteristic function of the space-time control re- 
gion ]0,T[xO. The heat equation on M is said to be null- controllable in time 
T by boundary controls on T if for all <f>o E L 2 (M) there is a control function 



Date: April 23, 2004. Accepted by the Bulletin des Sciences Mathcmatiques April 30, 2004. 
2000 Mathematics Subject Classification. 35B37, 58J35, 93B05. 



1 



2 



L. MILLER 



u 6 Lf oc (R;L 2 (dM)) such that the solution e C°([0, oo), L 2 (M)) of the mixed 
Dirichlet-Cauchy problem: 

(1) <9 t 0-A0 = O in]0,T[xM, = i ]OT[xr u on ]0, T[x<9Af, 

with Cauchy data = 0o at i = 0, satisfies = at t — T. The null- controllability 
cost is the best constant, denoted Ct.t, in the estimate: 

IMlL 2 (]o,T[xr) ^ Cr,rll^o|U 2 (Af) 
for all initial data 0o and control u solving the null-controllability problem described 
above. The analogous interior null-controllability problem from a non-empty open 
subset VL of M is also considered: 

d t <t> - A0 = l]o,T[xn u on E t X M, = on K t x 9M, 

!2i 0(0) = 0o S L 2 (M), M GLf oc (R;L 2 (M)). 

When Af is compact (for instance a bounded domain of the Euclidean space), 
Lebeau and Robbiano have proved (in |LR95j using local Carleman estimates) that, 
for all T and T there is a continuous linear operator S : L 2 (M) — > Cq°(R x <9M) 
such that u = 500 yields the null-controllability of the heat equation on M in 
time T by boundary controls on V. They have also proved the analogous result for 
(J2J which implies that interior null-controllability holds for arbitrary T and £1. (We 
refer to FI96 for a proof of null-controllability for more general parabolic problems 
using global Carleman estimates.) 

The null-controllability of the heat equation when M is an unbounded domain 
of the Euclidean space is an open problem which Micu and Zuazua have recently 
underscored in |MZ03j . On the one hand, it is only known to hold when M \ fi is 
bounded (cf. |CdMZ0lj ). On the other hand, its failure can be much more drastic 
than in the bounded case (when M is the half space and Y = dM, it is proved 
in jMZOlal IMZOlb) that initial data whith Fourier coefficients that grow less than 
any exponential are not null-controllable in any time, whereas there are initial data 
with exponentially growing Fourier coefficients that are null-controllable). 

The geometric aspect of the open problem in MZ03 is addressed here with ex- 
amples of null-controllability with unbounded uncontrolled region, and lack thereof 
including when the distance to the controlled region is finite (cf. th ll.4l iii). The 
geometric necessary condition in th. ll.lll grasps at some notion of "controlling ca- 
pacity" of a subset that would yield a necessary and sufficient condition for interior 
null-controllability. 

1.2. Elementary examples. Before stating the results in full generality, we give 
elementary examples. 

The simplest (bounded) case to study is when M is a segment and T is one of 
the end points. It is well-known that this problem reduces by spectral analysis to 
classical results on non-harmonic Fourier series. For further reference, we introduce 
the optimal fast control cost rate for this problem: 

Definition 1.1. The rate a* is the smallest positive constant such that for all 
a > a* there exists 7 > such that, for all L > and T € ] 0, inf(7r, L) 2 ] , the 
null-controllability cost Cl,t of the heat equation on the Euclidean interval 
AI =]0,L[ (i.e. A = <9 2 ) from T = {0} satisfies: C l ,t < 7 exp(aL 2 /T). 

Computing a* is an interesting open problem. As proved in Mil03b , 

Theorem 1.2. The rate a* defined above satisfies: 1/4^0:* ^ 2 (36/37) 2 < 2. 

The simplest unbounded case where null-controllability holds is probably the 
following, which extends to an infinite strip the null-controllability from one side of 
a rectangle proved in |Fat75| . 
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Theorem 1.3. The heat equation on the infinite strip M =]0, L[xl of the 
Euclidean plane (i.e. A = d 2 +d 2 ) is null- controllable from one side T = {(x, y)\x — 
0, y G R} in any time T > 0. Moreover, the corresponding null- controllability cost 
satisfies (with a* as in th ll.fy) : lim sup T In Ct,t *S ct*L . 

Here is an example in the usual three dimensional space which illustrates interior 
null-controllability and lack thereof. 

Theorem 1.4. Consider the heat equation 0) on the infinite rod M = S xl in 
the Euclidean space (i.e. A = d 2 + d 2 + d 2 ) where the section S is any smooth 
connected bounded open set of the plane. 

i) It is null- controllable in any time T > from any interior infinite rod = 
wxl where the section u> is an open non empty subset of S . Moreover, if lo contains 
a neighborhood of the boundary of S and S\u> does not contain any segment of length 
L, then the corresponding null- controllability cost satisfies (with a* as in th M.fy) : 
lim sup Tin Co. t ^ ct*L . 

ii) It is not null- controllable in any time T > from any interior region Q of 
finite Lebesgue measure such that M \ f2 contains slabs S x \z\,z^ of arbitrarily 
large thickness \z2 — Z\\. 

Hi) It is not null- controllable in any time T > from the cylindrical interior 
region ft = {(x,y,z) € M \ x 2 + y 2 < i?(z) 2 } if (0,0) G S and the lower semi- 
continuous function R : M. — > [0, oo) tends to zero at infinity. 

1.3. Main results. A large class of null-controllable heat equations on unbounded 
domains is generated by the two following theorems concerning respectively bound- 
ary and interior controllability. In both theorems, M denotes another smooth 
complete ri-dimensional Riemannian manifold and A denotes the corresponding 
Laplacian. 

Theorem 1.5. Let 7 denote the subset T x M of d(M x M). If the heat equation 
0) is null- controllable at cost Ct.t then the heat equation: 

d t <t> - (A + A)cf) = on Rf x M X M, <\> = l T g on R t x d(M x M), 

0(0) = 0o € L 2 (M x M), g € L 2 oc (R\ L 2 (d(M x M))), 

is exactly controllable in any time T at a cost Ct,j which is not greater than Ct,t- 

Theorem 1.6. Let lo denote the subset O x M of M x M . If the heat equation 0) 
is null- controllable at cost Ct.si then the heat equation: 

d t <j> - (A + A)cf) = l u g on R t x M x M, = on R t x d(M x M), 

0(0) = O S L 2 (M x M), g G L 2 oc (R;L 2 (M x M)), 

is exactly controllable in any time T at a cost Ct,u which is not greater than Ct,q ■ 

Remark 1.7. ThlOli) is a particular case of thOlwith M = S, M = R, inverted fl 
and u>, and the cost estimate results from the cost estimate on M proved in Mil03b . 
Th ll.51 and th ll.6l apply, for instance, to any open subset M of the Euclidean 
space M. n . Thanks to the results of LR95] already mentioned in section ITTI the 
conclusions of these theorems hold for arbitrary control regions of a compact M. 
Then they can be applied recursively, taking the resulting null-controllable product 
manifold as the new M (the theorems are still valid if M has corners). 

Remark 1.8. The case when M is a bounded Euclidean set and M = (0,e) with 
Neumann boundary conditions at both ends has been considered in dTZOO with 
an extra time-dependent potential. When e — > 0, using global Carleman estimates, 
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it is proved that the cost is uniform (as in th ll.6(l and depends on the uniform norm 
of the potential. Moreover, the limit of the control functions is a control function 
for the limit problem. 

Remark 1.9. The type of boundary conditions are irrelevant to the proof of th ll.5l 
and th ll.fil These theorems can be combined with th.6.2 in |Mil03aj and th.2.3 in 
Mil03b respectively to obtain bounds on the fast null-controllability cost: 

limsupTlnC' 7i x ^ a*L\ and lim sup T In C^t ^ a *^\i 

for any Lr and Lq such that every generalized geodesic of length greater than 
Lr passes through T at a non-diffractive point, and every generalized geodesic of 
length greater than Ln passes through fi. We refer readers interested by these 
bounds to Mil03b , Mil03a where more is said about generalized geodesies and the 
extra geometric assumptions needed to use them. 

The last result states a geometric condition which is necessary for the interior 
null-controllability of the heat equation on an unbounded domain of the Euclidean 
space. This condition involves the following "distances" . 

Definition 1.10. In K™, the Euclidean distance of points from the origin and the 
Lebesgue measure of sets are both denoted by |-|. Let M be a non-empty open 
subset of M n . Let d : M — > R + denote the distance function on AI, i.e. the 
infimum of lengths of arcs in M with end points x and y (n.b., in terms of Lipschitz 
potentials: d(x,y) = sup^ eUp (jj ) ^ v ^ Loo<1 \'ip(x) - tp(y)\). The distance of y e M 

from the boundary of M is dg(y) = inf xea n\ ^ \x — y\. The distance of y G M from 
£1 C M is d(y,Q) = inf^gn d(x, y). We define the averaged distance Q) of y 

to Q with Gaussian weight of variance T by 

d T (y,Slf = _2T]ogQf expf-fe^) dx\ > d(y, tt) 2 - 2Tlog|tt| . 

Technically, we shall use the following bounded distance of y to dM: 

d T (y,dM)=mm{d d (y),Tir 2 n/i} . 

Theorem 1.11. Let M be a connected open subset of M n and let Q be an open 
subset of M . If there are a sequence {?/fe} fcgN of points in M, a time T > and a 
constant k > 1 such that 

n 2 n 2 / f \2 
(3) d T (y k , nf k — [ MykdM) ) - +oo , as k -» +oo , 

then the heat equation 0) is not null- controllable in any time T < T. In par- 
ticular, when fi has finite Lebesgue measure, if there is a sequence {j/fe} fceN such 
that inffc dg(yk) > and lim^ d(yk, fi) = oo, then the heat equation 0) is not null- 
controllable in any time T. 

Remark 1.12. The simple condition in the second part of th. ll.lll is enough to 
prove tb. ll.4l ii) (consider the points (0,0, (22 — Zi)/2) of a sequence of slabs S x 
[zi, Z2} in M \ fl with thickness \z2 — z\\ tending to infinity). Th ll.4l in) illustrates 
that it may fail although the finer condition J3J holds. The second term in the 
geometric condition © allows {yfc} fceN to tend to the boundary of M. To illustrate 
its usefulness, we give yet another example in rk !3.2l 

Remark 1.13. The proof of th. ll.lll in sect 13. 31 builds on heat kernel estimates. 
Generalizations to some non-compact manifolds can obviously be obtained using 
the heat kernel estimates available in the literature (cf. |Zha03j and ref. therein). 
We consider null-controllability on non-compact manifolds in a forthcoming paper. 
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2. An abstract lemma on tensor products 

In this section, we prove that the cost of null-controllability of an abstract control 
system is not changed by taking its tensor product with an uncontrolled system 
generated by a non-positive self-adjoint operator. 

2.1. Abstract setting. We first recall the general setting for control systems: 
admissibility, observability and controllability notions and their duality (cf. DR77 
and |Wei89Q . 

Let Z and V be Hilbert spaces. Let A : D(A) — > Z be the generator of a strongly 
continuous group of bounded operators on Z. Let Z\ denote D(A) with the norm 
||z||i = || (-4— P)z\\ for some /3 ^ cr(A) {cr(A) denotes the spectrum of A, this norm 
is equivalent to the graph norm and Z\ is densely and continuously embedded in Z) 
and let Z_ i be the completion of Z with respect to the norm ||CI!-i = 1 1 (-4 — /3) ~ 1 C 1 1 • 
Let Z' denote the dual of Z with respect to the pairing (•,•). The dual of A is a self- 
adjoint operator A 1 on Z' . The dual of Z\ is the space Z'_\ which is the completion 
of Z 1 with respect to the norm ||C||-i = — and the dual of Z_i is the 

space Z[ which is D(A') with the norm ||z||i = ||(_4' — j3z\\. 

Let C e h(Zi,V) and let C € L(V, Z'_^) denote its dual. Note that the same 
theory applies to any „4-bounded operator C with a domain invariant by (e tA )t^o 
since it can be represented by an operator in L(Zi,V) (cf. Wci89 ). 

We consider the dual observation and control systems with output function v 
and input function u: 

(4) z{t)=Az{t), z{0)=z eZ, v(t)=Cz{t), 

(5) ((t)=A'at)+C'u(t), C(0)=CoG^', ueLl c (R;Z'). 

We make the following equivalent admissibility assumptions on the observation 
operator C and the control operator C (cf. |Wei89| 1: VT > 0, 3K T > 0, 

(6) V Z „GD(i), / \\Ce tA z \\ 2 dt ^ K T \\z \\ 2 , 

Jo 

(7) VweL 2 (M;V), || I e tA 'Cu(t)dt\\ 2 ^ K T [ \\u(t)\\ 2 dt. 

Jo Jo 

With this assumption, the output map zq h- » v from D(A) to L 1 2 oc (IR;V) has a 
continuous extension to Z . The equations Q and have unique solutions z £ 
C(M, Z) and Q S C(M, Z') defined by: 

(8) z(t) = e tA z , C(t) = e tA 'C(0) + [ e {t - s)A Bu{s)ds. 

Jo 

The following dual notions of observability and controllability are equivalent 

(cf. jDEni). 

Definition 2.1. The system (@J is final observable in time T > at cost n T > if 
the following observation inequality holds: Vzo £ Z, ||z(T)|| 2 ^ n 2 -, f \\v{t)\\ 2 dt. 

The system is null- controllable in time T > at cost kt > if for all £o m Z', 

f T 

thereisauini 2 (R;V')suchthatC(r) = and / \\u(t)\\ 2 dt < k^||Co|| 2 - The null- 
Jo 

controllability cost for (jSJ in time T is the smallest constant in the latter inequality 
(equivalently in the former observation inequality), still denoted kt- When (j5j) is 
not null-controllable in time T, we set kt = +oo. 



6 



L. MILLER 



2.2. Tensor products. Now, we introduce the specific tensor product structure 
of the abstract control systems (JHJ under consideration here. Let A, Y, V be 
separable Hilbert spaces and I denote the identity operator on each of them. Let 
A : D(A) — > X and B : D(B) — ► Y be generators of strongly continuous semigroups 
of bounded operators on X and Y. Let C S L(Ai, V) be admissible for the control 
system: 

(9) £(t) = A'Z(t) + C'u(t), m = toeX>, ueL 2 oc (R-V). 

Let X ® y and V ® Y denote the closure of the algebraic tensor products A eg) Y 
and F®y for the natural Hilbert norms. The operator (7® I : D(C)<g)Y — » 
V(8>Y is densely defined on X <&Y . The operator A® 7+ I®B defined on the 
algebraic D(A) <g> D(B) is closable and its closure, denoted A + B, generates a 
strongly continuous semigroup of bounded operators on X ®Y . 

Lemma 2.2. Let Z = X®Y, V = V®Y, A = A + B and C = C®I. If B is a 
non-positive self-adjoint operator, then, for all T > 0, the null- controllability cost 
kt for 0) is lower then the null- controllability cost kx for in the same time T . 



Proof. We may assume that hr is finite. By definition it satisfies: 

(10) VxeA, \\e TA \\ 2 < k 2 [ T \\Ce tA \\ 2 dt. 
We have to prove that: 

(11) Vz G X1§Y £ := \\e T ^ A+B h\\ 2 < k 2 A (C® I)e« A+B hfdt =: 0. 

Jo 

As explained in the proof of lem. 7.1 in [Mil04 : 

(12) Vi)0, e^ A+B ^ = e tA ®e tB . 

Applying the spectral theorem for unbounded self-adjoint operators on separable 
Hilbert spaces to B $C (cf. th. VIII. 4 in RS79]), yields a measure space [M, J\4, fi) 
with finite measure /i, a measurable function b : M — > (— oo, 0] and a unitary 
operator U : Y — > L 2 (M, d/j) such that: 

(13) VyeF, \\e tB y\\ 2 =[ e 2th{m) \Uy{m)\ 2 ^{dm) . 

J M 

Since X is separable, there is a unique isomorphism from A ® L 2 (M, d/u) to L 2 (M, d/x; X) 
so that jc®/(m) i-> f(m)x (cf. th. 11.10 in jTiSTOj ). We denote by W : A®Y -> 
L 2 (M,d/i; X) the composition of this isomorphism with I®U. Similarly, there is 
a unique isomorphism from V ® L 2 (M, d/z) to L 2 (M,d/i;V) so that u®/(m) i— > 
f(m)v. We denote by V : F® Y" — > L 2 (M, d/z; V) the composition of this isomor- 
phism with J® J7. By decomposing into an orthonormal basis of A, 113(1 implies: 

(14) VzeA®Y, ||(/®e tB )z|| 2 = / e 2tfc ( m )|Wz(m)| 2 /i(dm) 

JM 

tB )w\\ 2 = [ e 2tb ^\Vw(m)\ 2 t 

JM 

Let z € A ® Y . Applying ((10(1 to Uz(m) for fixed m € M and integrating yields: 
e TA Uz(m)\\ 2 e 2tb(m) n{dm) ^k 2 , [ e 2Tb{m) f \\Ce tA Uz{m)\\ 2 dt ix(dm) . 

M JM JO 

Since e TA Uz = U{e TA ® I)z, JTJJ and (O imply that the left hand side is £ defined 
in (111(1 . Using Fubini's theorem and b ^ to bound the right hand side from above 



(15) Vw€V®Y, \\{I®e ta )w\\ A = e zt0(m >\Vw(m)\ z fi(dm) 

Jm 
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yields: 

£ Or f T [ e 2th( - m) \\Ce tA Uz(m)\\ 2 fi(dm)dt . 
Jo Jm 

Since Ce tA Uz = V{Ce tA ®I)z, O and (JEJl imply that the right hand side is 
defined in (jl 1|> , which completes the proof of (|ll(l . □ 

2.3. Proof of th IOl thEU and thITlfl The first part of thJOJis a particular 
case of th ll .51 The second part is an estimate on the null-controllability cost which 
results from def UTTl and lemESwith X = L 2 (0,L), Y = L 2 (R), Z = K, A = d%, 
D{A) = H 2 (0,L) n H%[0,L), B =JL D(B) = H 2 (R), Cf = d x f ]x=0 . The reader 
balking at the abstraction of Icm l2.2l can prove it in this particular case using the 
Fourier transform on the real line in the y variable where the spectral theorem was 
used (then /i is the Lebesgue measure and b(m) — —\m\ 2 ) and a discrete Fourier 
decomposition on the interval in the x variable. 

ThOand thO are direct applications of lcmlP with X = L 2 (M), Y = 
L 2 (M), A = A, D(A) = H 2 {M) n H%(M), B = A, D(B) = H 2 {M) n H£(M). 
Th ll.51 corresponds to Z = L 2 (T) and Cf = d v fw where d v denotes the exterior 
Neumann vector field on dM . Th ll .61 corresponds to Z — L 2 (il) and Cf — /-m- 

3. Geometric necessary condition. 

In this section, we prove th ll. Ill Henceforth, the domain of the Laplacian is 
D(A) = H 2 (M) n Hl{M). Since controllability and observability in dcfEHl arc 
equivalent, the heat equation @ is null-controllable in time T if and only if there 
is a Cn.T > such that 

(16) V/ eL 2 (M), / \e TA f \ 2 dx < C n ,T I [ \e tA f \ 2 dxdt . 

Jm Jo Jm 

As for th.2.1 in Mil03b] where the null-controllability cost Cq : t (on a compact 
M) was bounded from below as T —> 0, the strategy is to choose the initial datum 
fo to be an approximation of the Dirac mass 8 y at some y G M which is as far 
from fl as possible. Therefore both proofs build on heat kernel estimates. But here 
we need estimates which are uniform on M for compact times and we use the finer 
notion of averaged distance of y to f2 (cf. def ll.lOf) . 

3.1. Heat kernel estimates. Let KM(t,x,y) denote the Dirichlet heat kernel on 
M (i.e. the fundamental solution "e tA <5 y (x)"). We recall some well-known facts 
about it. The heat kernel on M satisfies the following upper bound (cf. th.3.2.7 in 
|Dav89p : Ve e]0, 1[, 3a e > s.t. 

(17) Wt > 0, Wx, y e M, K M (t, x, y) < a e r n/2 exp 

Let C be a bounded open subset of M. Let (Aj)j 6 N* be a nondecreasing sequence 
of nonnegative real numbers and (ej)j^* be an orthonormal basis of L 2 (M) such 
that Cj is an eigenfunction of the Dirichlet Laplacian on C with eigenvalue —Xj. 
By the maximum principle, the heat kernel on M satisfies the lower bound: 

(18) VO0, Vx,y€C, K M {t,x,y)^ Kc(t,x,y) = Y / ^ tXj e 3 (y)e 3 (x) . 

3 

From these pointwise bounds on the heat kernel, we deduce bounds for the L 2 
norms appearing in (|16fl . Dcf ll,10| and l|17|) imply 

(19) Q JjK^x^dxdt < a ^ex P • 



( d{x,yf \ 
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K M (t,x,y))\ 2 dx> / |^c(t^,y))| 2 ^^e- 2Al *|e 1 (y)| 2 = 7 ^ 7 exp 

M JC 



If C C M is an n-dimensional cube with center y and half diagonal length d, 
i.e. with edge length c = 2d/y/n, then the first eigenvalue and eigenfunction of the 

Dirichlet Laplacian on C are X% = n an d e±(x) = c~"/ 2 cos ( ^ Xm — ^— 

m— 1 v 

Therefore, Ijl8|l imply 
(20) 

n™/ 2 / n 2 n 2 t 

Remark 3.1. We tried without tangible improvement to deduce L 2 lower bounds on 
the heat kernel from the uniform pointwise lower bounds available in the literature 
(cf. jvdBQOj ) instead of deducing it from the more basic fact (|18|) . 

3.2. Proof of th Jl.lU Let {yfc} fcgN , T and n satisfy the geometric condition (J3J. 
By contradiction, assume that the heat equation (0) is null-controllable in some time 
T < T, i.e. the observability inequality l |16(l holds for some Ca,T- Let e £]0,1[, 
e < k — 1 , and let k' = K (l + e)" 1 > 1. Let a > be such that T = (l + a)(l + e)T 
and let T = (1 + a)T. Since d T /T is non-increasing, implies 

d f (y k ,n) 2 , ir 2 n 2 T 
(21) a " : = 2T - K M T {y kl dM)^ +C °> asfc ^+°°- 

Let k £ N and let fo(x) — KM{aT,x,y k ) so that e tA fo(x) — Km{ocT + t,x,y k ). 
Plugging into l|16|) the upper bound l|19|l with T\ = oT and Ti = T and the lower 
bound (121 III for the cube C with center y k and half diagonal length d — d T (y k , dM) 
(this is just the optimal choice for d) yields: 

n n ' 2 ( ir 2 n 2 T \ a 2 f d T (y k ,nf 

{2d T (y k ,dM)Y 6XP ^ 8d T (y fe ,9M)2 ) ^ ° n < T a «T»-i GXP 1, 2T 

Since k' > 1, we deduce that there is an s > independent of k such that InCo.T 
s k — s and lim^ sj; = +oo as in (|21|l . This contradicts the existence of Cn,T and 
completes the proof of th. ll. 1 II 

3.3. Proof of th J1.4l iii) and another example. To prove that the geometric 
condition holds for M and defined in th ll .41 iii), we consider a sequence 
m k = (0,0, z k ) £ M with \im k z k — +oo. Since S is bounded, we may assume 
that R is bounded. Let Gt(z) = exp(— z 2 /(2T)) and let D(z) denote the disk with 
center (0,0) and radius R{z), We have: 

h '■= J G T (d(m k ,m))dm = J exp ^- ^— ^ J exp (— X ^ ^ dxdydz 

s$ / ttR(z) 2 G(z - z k )dz = nR 2 * Gx(zk) — * , as k — » +oo , 

since G T € ^(R), i? 2 € i°°(R) and lim| 2Hoo i?(z) = 0. Therefore, by def H~TT)l 
df(m k ,Q) 2 = —2T\nI k — > +cx) and, since (0,0) € 5, df{m k ,dM) 2 ^ do(m k ) 2 = 
inf( a , iy ) gR 2y s (a; 2 + j/ 2 ) > 0. Hence @ holds for the sequence {wfc} fegN with any T 
and k, which completes the proof of th ll. 41 iii). 

Remark 3.2. To illustrate the usefulness of the second term in the geometric con- 
dition (J3J, we give an example close to t,h ll.4l ii) where © is satisfied by a sequence 
{wfe} fcgN tending to the boundary of M. 

Consider the shrinking rod M = Ux, y, z) £ R 3 \ x 2 + y 2 < i?(|z|) 2 } where the 
continuous non-increasing function R : [0, oo) — >]0,cx3) tends to zero at infinity. 
The heat equation J2Jl is not null-controllable in any time T > from any interior 
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region £1 of finite Lebesgue measure such that M \ fi contains a sequence of slabs 
S k := {(x,y, z) e M 2 x [0,oo) \x 2 + y 2 < R{z) 2 , \z - z k \ < d fc } satisfying 



3k' > 1, 



4 



T 



+oo , as k 



-oo . 



Indeed mfe 



4 \R(z k + d k ) 
(0,0, z k ) satisfies d d (m k ) ^ i?(z fe + d k ) for d fe ^ ||i?|| 



and 



d(m k ,Vl) ^ <ifc. Hence {m k } satisfies (0 for any k k'[ and f = -J k'/kT > T. 
In particular, if \im z ^ +00 zR(z) — +oo (i.e. M does not shrink too fast) then the 
heat equation (J2J is not null-controllable in any time T from any bounded fl. 
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